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Abstract 
Let S. be the set of simple graphs on n vertices in which no two cycles have the same length. A graph 
G in S. is called a simple maximum cycle-distributed (MCD) graph if there exists no graph G’ in S. 
with IE(G’)j >IE(G)I. In this paper, we prove that there exists a simple MCD graph on n vertices 
such that it is a 2-connected graph containing a subgraph homeomorphic to K, if and only if 
nc{lO, 11,14,15,16,21,22}. 
1. Introduction 
Let F, (S,) be the set of graphs (simple graphs) on n vertices in which no two cycles 
have the same length. A graph G in F, (S,) is called a MCD graph (simple MCD graph) 
if there exists no graph G’ in F, (S,) with IE(G’)l> IE(G)l. 
The number of edges of a MCD graph (simple MCD graph) on n vertices is denoted 
by f(n) (f*(n)). The question of determining f(n) raised by Erdiis is an unsolved 
problem (see [l, Problem 11, p. 2471). The related question is one of determining all 
MCD graphs. 
In [3], we proved that, for every n 3 2, there exists a MCD graph on n vertices which 
contains one loop and one 2-cycle. Thus we may construct a MCD graph on n vertices 
from a simple MCD graph on n - 1 vertices by adding one vertex and three edges, and 
hence f(n)=f*(n- 1)+3. Therefore the question of determining f(n) and MCD 
graphs is transformed into one of determining f*(n) and simple MCD graphs. 
The main results of this paper are as follows. 
Theorem 1.1. For each positive integer n${ 10, 11,14,15,16,21,22}, there does not exist 
a simple MCD graph on n vertices such that it is a 2-connected graph containing 
a subgraph homeomorphic to K4. 
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Theorem 1.2. For each ne{ 10, 11,14,15,16,21,22), there exists a simple MCD graph 
on n vertices such that it is a 2-connected graph containing a subgraph homeomorphic 
to K4. 
Theorem 1.3. For each integer n, 17dn<22, f*(n)=n+[(,/G-3)/21. 
Remark 1.4. The proof for n = 28 in Theorem 1.1 is not contained in this paper. This 
proof is very long and will therefore be published in another paper. 
Remark 1.5. Some graphs applied in the proof of Theorem 1.1 (see Fig. 2) are 
counterexamples to a conjecture of the present author [3]. 
2. Definitions and preliminary results 
Let G be a 2-connected simple graph and let C be any cycle in G. We assume that all 
vertices in V(G)- V(C) and all edges in E(G)-E(C) are drawn inside the bounded 
region of C. 
Let P,, = C. We form a path sequence P1, Pz, . . . , Pk by the following procedure: for 
eachi=l,2,... , k, let Pi be a path contained in G- uili E(Pj) with two and only two 
end vertices lying on Uiih Pj, and lJ5=0 E(Pj)=E(G). We call (Pl,P2, . . . ,Pk) a path 
decomposition of G-E(C). Each Pi (i= 1,2, . . . , k) is said to be an inner path of G with 
respect to C. 
Note that for given a 2-connected simple graph G and a cycle C of G, G-E(C) may 
have many path decompositions. But for a given 2-connected simple graph G and any 
cycle C of G, the number of inner paths in any path decomposition of G - E(C) is 
unique. This results in the following proposition [3]. 
Proposition 2.1. Given a 2-connected simple graph G, let C be any cycle of G. Then the 
number ofinner paths in any path decomposition ofG-E(C) is equal to lIZ(G1 V(G)l. 
To avoid repetition, when C is a given cycle of G, we usually abbreviate ‘inner 
path of G with respect to C’ to ‘inner path of G’ or ‘inner path’. In what follows, all 
inner paths will be understood to be inner paths of a given path decomposition of 
G-E(C). 
If the end vertices of two inner paths lie on C, then clearly these two inner paths are 
internally disjoint. 
Two inner paths P, and Pz are said to be skew if there are four distinct vertices 
u, v, U’ and v’ of C such that u and v are end vertices of P,, u’ and v’ are end vertices of 
P2 and the four vertices appear in the cyclic order u, u’, v, v’ on C. 
Two inner paths are said to be parallel if the end vertices of these two inner paths lie 
on C, and they are not skew. 
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Fig. 1. 
Two inner paths P and R are said to be independent if there exists an inner path 
Q such that P, Q and R are parallel, and P and R are separated by Q (though they may 
have end vertices in common). 
A family of parallel inner paths is said to be dependent if no two inner paths of it are 
independent. 
A family of parallel inner paths (at least three) is said to be independent if no three 
inner paths of it are dependent. 
These definitions are illustrated in Fig. 1. There are five inner paths. The paths 
S and T are skew; the paths P, Q, R and S are parallel; the paths P and R are 
independent; the paths Q, R and T are dependent; the paths P, Q and T are 
independent. 
Let 0’ denote the set of 2-connected simple graphs each of which has exactly j inner 
paths and let m(G) denote the number of cycles in a graph G. Then we have the 
following results. 
Proposition 2.2 (Shi [3]). 1fG~Oj, then m(G)>(j+ 1) (j+2)/2. 
Lemma 2.3. If GczOl, then m(G)=3. 
Lemma 2.4 (Shi [3]). Zf GEO’, then there exists a cycle C in G such that the two inner 
paths of G with respect to C are either skew or parallel. 
Lemma 2.5 (Shi [3]). Let GEO’, then (1) m(G)=6 if there exists a cycle C such that 
the two inner paths of G with respect to C are parallel; (2) m(G)= 7 ifG is homeomorphic 
to K4. 
Lemma 2.6. If Ge03 and G contains no subgraph homeomorphic to K4, then there 
exists a cycle C in G such that the three inner paths of G with respect to C are either 
independent or else dependent. 
Proof. Let C1 be a cycle of G and let G - E(C,) have a path decomposition (Pi, Pi, Pi). 
Let G’= G--E(P;), and denote by G* the nontrivial component of G’, then G*EO’. 
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Since G contains no subgraph homeomorphic to K4 and, by Lemma 2.4, there exists 
a cycle Cz of G* and a path decomposition (Py, P;‘) of G* -E(C2) such that the two 
inner paths P;’ and P;’ are parallel. Let P;‘=(u, u), Pi =(x, y) and let C2 be separated 
by u,x, y and v into four paths R,,R,,R, and Rq, where R1=(u,x), R2=(x,y), 
R,=(y,u) and Rq=(o,u). 
Let (Q1,QZ,Q3) be a path decomposition of G-E(C2), where Q,=P;l, Q2=Pl;. 
Consider two cases. 
Case 1: One end vertex of Q3 is an inner vertex of Q1 or Qz. In this case, two end 
vertices of Q3 must lie on same inner path, say Q1. Otherwise, G contains a subgraph 
homeomorphic to Kq, a contradiction. Replacing by Q1 the path R4 on Cz results in 
a cycle C. Clearly G-E(C) has a path decomposition (Pl,P,,P,), where P1=Rq, 
P2 = Q2, P3 = Q3. Clearly, the three inner paths are independent. 
Case 2: The two end vertices (say s and t) of Q3 lie on Cz. Consider two subcases. 
Case2.1: sandtlieonsamepathRifori~{l,2,3,4}.IfsandtlieonsamepathR, 
(or R3), then Q1, Q2 and Q3 are dependent. Ifs and t lie on same path R2 (or R4), then 
QlrQ2 and Q3 are independent. 
Case 2.2: s and t lie on two distinct paths in {R,, R2, R3, R4}, respectively. Since 
G does not contain a subgraph homeomorphic to Kq, s and t must lie on RI and R3, 
respectively. Thus Q1, Q2 and Q3 are independent. 0 
Lemma 2.7. Let GEO~. Then (1) m(G)= 10 iJthere exists a cycle C such that the three 
inner paths of G with respect to C are independent; (2) m(G)= 11 if there exists a cycle 
C such that the three inner paths of G with respect to C are dependent; (3) m(G)2 12 ij 
G contains a subgraph homeomorphic to K,. 
Let G be a Hamilton graph and let C be a Hamilton cycle of G. Each edge in 
E(G) - E(C) is an inner path of G, which is also called a bridge. If two bridges of G are 
skew each other, then they are said to be a pair of skew bridges. 
Let r > 3 be an integer. A graph G on n vertices is said to be a uniquely r-pancyclic 
graph (r-UPC graph) if G contains exactly one cycle of length 1, for each integer 
r < 1 <n, and G contains no cycle of length less than r. An r-UPC graph G is said to be 
an r-UPC [k] graph if G has exactly k pairs of skew bridges. 
The following theorems have been proved. 
Theorem 2.8 (Shi [2]). G is a 3-UPC [l] graph if and only $ GE{G:‘!, 1 i= 1,2,3}, 
where G:‘k is a 3-UPC graph having exactly 14 vertices and three bridges. 
Theorem 2.9 (Shi et al. [S]). If G is a 4-UPC [l] graph, then GE{GY\ 1 i= 1,2,3,4,5,6}, 
where Gy\ is a 4-UPC graph having exactly 15 vertices and three bridges. 
Theorem 2.10 (Yap and Teo [6]). For every integer r>5, there does not exist an 
r-UPC graph having exactly three bridges. 
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To prove Theorem 1.1, we first prove the following three propositions. 
Proposition 3.1. If GEO’ and G contains a subgraph homeomorphic to K4, then 
m(G)a(j2+5j)/2. 
Proof. By induction on j. When j=2, G is homeomorphic to K,. It follows from 
Lemma 2.5 that m(G) = 7. On the other hand, ( j2 + 5j)/2 = 7. The proposition holds 
for j=2. 
Assume that the proposition holds for j = k (k > 2), i.e., m(G) k (k2 + 5k)/2. Consider 
j= k+ 1. Let G2 be a subgraph of G homeomorphic to K4 and let C be a cycle of G2. 
Let (P,,P,) be a path decomposition of G2-E(C). Form a path decomposition 
(Pl,P,, ..’ ,Pk+l) of G-E(C) such that PI =P1 and P2=P2. Let G* be the subgraph of 
G obtained from G by deleting all edges and all inner vertices of Pk + 1. Clearly, G * is 
also 2-connected and contains a subgraph homeomorphic to K4. By the induction 
hypothesis, m(G*)>(k2 + 5k)/2. 
Now we count the number of cycles containing Pk+ 1. Since G is 2-connected, any 
two edges of G lie on a common cycle; it follows that the path Pk+ 1 and some subpath 
of the Pi lie on a common cycle for every integer 1< i < k. Let Gk+ I = G, Pz+ 1 = Pk+ 1. 
We form a cycle sequence Ck, Ck- i, . . . , C3 by the following procedure: For i = k, 
k-l,... ,3, we can choose a cycle Ci from Gi+ 1 such that it contains Pr+ 1 and exactly 
one nontrivial subpath of Pi, where Gi is the nontrivial component of G:=Gi+i - 
(E(Ci)nE(Pi)). It is easily seen that Gi has a path decomposition (PI, P2,. . . , Pi_ 1, PF), 
where P* = Pr+ 1 (if Ci contains Pi) or P* = PF+ 1 u Hi (if there exists one inner vertex of 
Pi which is a end vertex of P,?; 1, and Hi is obtained from H:= Pi-(E(Ci)nE(Pi)) by 
deleting isolated vertices). Therefore, Gi is 2-connected and for each i (i = k, k - 1, . . . ,3), 
Pr contains Pk+ 1. In particular, G3 has a path decomposition (PI, P2, P:) =(pl, Pz, P:), 
where P z contains Pk + 1. 
It follows from Lemma 2.7 that m(G,)> 12. Since G2 is the nontrivial component of 
G$ = G3 - E(P:) and, by Lemma 2.5, m(G,) = 7, G3 has at least five distinct cycles 
containing Pt. Consequently, G has at least k- 2 + 5 distinct cycles containing Pk+ 1. 
Thus 
m(G)~m(G*)+k-2+53$(k2+5k)+k+3=~((k+1)2+5(k+1)). 0 
Proposition 3.2. Let GEO~ and let C be a Hamilton cycle of G. Zf m(G)=(j2+5j)/2, 
then G has at most one pair of skew bridges. 
Proof. Suppose that G has at least two pairs of skew bridges. Let b and b’ be a pair of 
skew bridges of G such that G - b has at least one pair of skew bridges. Let G * = G - b, 
then by Proposition 3.1, m(G*)>(( j- 1)2 + 5( j- 1))/2. We now count the number of 
cycles in G containing b. Clearly, G has exactly two cycles containing b but no other 
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bridges; G has exactly two cycles containing b and b’ but no other bridges; for any 
b * EB - {b, b' } (where B is the set of bridges), G has at least one cycle containing b and 
b * but no other bridges; for any b * E B - (b, b’}, G has at least one cycle containing b, b 
and b* but no other bridges. Thus G has at least 2j cycles containing b. Thus 
m(G)>m(G*)+2j>~((j-1)2+5(j-1))+2j=~((j2+5j)+j-2. 
Since G has at least two pairs of skew bridges, j 2 3. Hence m(G) z (( j2 + 5j)/2) + 1. 
This contradicts that G has exactly ( j2 + 5j)/2 cycles. 0 
Proposition 3.3. If there exists a 2-connected simple MCD graph on n vertices, then 
f*(n)<n+[(JLFiZ-3)/2]. 
Proof. Let G be a 2-connected simple MCD graph on n vertices and j = IE(G)I - I l’(G)I. 
Then by Propositions 2.1 and 2.2, IE 2 ((j + 1) (j + 2)/2) + 2. It follows that 
j<(JKZ-3)/2, and hence f*(n)<n+[(JG-3)/2]. 0 
Proof of Theorem 1.1. By contradiction. Suppose that the theorem does not hold, 
then for some positive integer n#{ 10, 11,14,15,16,21,22}, there exists a simple MCD 
graph G on n vertices such that it is a 2-connected graph containing a subgraph 
homeomorphic to Kq. 
Since we have already obtained in [2] that 
f*(n)>n+k+[$(J8n-24k2+8k+1-5)], 
where k=[(Jm+ 11)/21-J, 
G has at least j inner paths, where 
j=k+[i( 8n-24k2+8k+1-5)]. 
By Proposition 3.1, m(G) >( j2 + 5j)/2. Thus 
n2+(j2+5j)+2. 
From (2), we have 
(1) 
(2) 
(3) 
n<i(j2+5j)+5+$(7k-2-2j)(k-1). 
From (l), we find that 
21k2-22k+6<n<21k2+20k+5. 
Combining (2) and (5), we have 
j-1<7k<j+6. 
It follows from (4) and the right-hand side of (6) that 
n<f(j2+5j)+5+i(4-j)(k-1). 
(4) 
(5) 
(6) 
(7) 
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If k>3, then j 2 15 follows from (6). In this case, we obtain from (7) that 
n <(( j2 + 5j)/2) - 6. This contradicts (3). 
If k = 2, then from (5) and (6), respectively, we find 46 < n < 129 and 8 <j < 15. In this 
case, we obtain from (7) that 
n($(j2+5j)+3. (8) 
Combining (3) and (8), we have 
n=f(j2+5j)+2. (9) 
If k = 1, then 5 < n < 46 and 1 <j < 8. We obtain from (7) that 
n-c+(j2+5j)+5. (10) 
Combining (3) and (lo), we have 
n=$(j2+5j)+i for i=2,3,4. (11) 
Since G contains a subgraph homeomorphic to K 4, j 22. It follows from (3) that 
9 <n< 129. Consider (9) and (11). We have only the following two cases. 
Case 1: n=((j2+5j)/2)+2 and 9<n<129. 
In this case, m(G)= ( j2 + 5j)/2. By hypothesis, G is a 3-UPC graph and it has at least 
one pair of skew bridges. It follows from Proposition 3.2 that G has exactly one pair of 
skew bridges, and hence G is a 3-UPC [l] graph. By Theorem 2.8, GEIGY!, 1 i= 1,2,3}, 
i.e., n= 14, a contradiction. 
Case 2: n=((j2+5j)/2)+i (i=3,4) and 9dn<45. 
It follows that ne{lO, 11,15,16,21,22,28,29,36,37,45}. Since n${lO,ll, 14,15, 
16,21,22}, nE{28,29,36,37,45}. We can prove that there does not exist a simple 
MCD graph on 28 vertices such that it is a 2-connected graph containing a subgraph 
homeomorphic to K,. This proof is very long and will therefore be published 
elsewhere. 
For each nE{29,36,37,45}, we may form a simple graph G, with n vertices and 
n + 1 + [(J8-- 3)/2] edges in which no two cycles have the same length (see 
Fig. 2). Thus f*(n) > n + 1 + [(,/G- 3)/2]. This contradicts Proposition 3.3. q 
Fig. 2. 
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4. Proof of Theorem 1.2 
For each no{ 10, 11,14,15,16,21,22}, there exists a 2-connected simple graph with 
n vertices and n + [(JG--3)/2] edges in which no two cycles have the same 
length such that it contains a subgraph homeomorphic to K4 (see Fig. 3). 
To prove that each graph in Fig. 3 is a simple MCD graph, we must show that 
f*(n)=n+[(J8n-15-3)/2] f or each n~:(10,11,14,15,16,21,22}. In [3], we have 
proved that f*(n)=n+[(,/G-3)/2] f or each 3 <n< 16. Therefore, we only 
prove that the equation holds for n=21 and 22. This follows directly from The- 
orem 1.3, the proof of which follows. 0 
5. Proof of Theorem 1.3 
To prove Theorem 1.3, we need to introduce the following lemmas. Their proofs are 
not difficult and, therefore, are left to the reader. 
Lemma 5.1. If G is a 2-connected simple graph containing no subgraph homeomorphic 
to K4, then there exists a plane graph of G such that one longest cycle of G is the 
boundary of its exterior face. 
In what follows, if f is a face of a plane graph of G, then the boundary of f is 
denoted by b( f ). 
Lemma 5.2. Assume that G is a 2-connected plane graph and has exactly t faces 
fl,fB “. ,fi. Let I,=lb(f;,)l for i=l,2 ,,.., t. Then JE(G)J=(Cf=, 1,)/2. 
Fig. 3. 
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Lemma53 Let (E(G)I=Cy=“=, ailiunda,~a,~..~~u,.Ifl,,l,,...l~,iSapermutution 
~fl~l~~~~l, with lk,Qlk2< ... dlk,,,, then IE(G)I>Cy=“=, ailk,. 
Proof of Theorem 1.3. By [3, Theorem 3.11, f*(n)>n+ [(J8n-15-- 3)/2] for each 
integer n > 3. We only prove f*(n) < n + C(J8n-15 - 3)/2] = n + 4 for 17 d n d 22. By 
[3, Theorem 2.41, it suffices to prove that none of the graphs, each of which contains 
n + 5 edges for 17 <n < 22, is a simple graph in which no two cycles have the same 
length. 
If possible, let G be a simple graph with n + 5 edges and minimum possible number 
of vertices, n, in which no two cycles have the same length. Clearly, G contains no cut 
edges and vertices of degree one. By Proposition 3.3, G is not a 2-connected graph. Let 
G have exactly r blocks B1,B2, . . . ,B,. Clearly, for each i= 1,2, . . . , r, Bi is a 2- 
connected block. The set of blocks of G is denoted by M(G). Let X(G)= {B 1 BEM(G) 
and B is a cycle}, Y(G)=M(G)-X(G), IX(G)l=p and IY(G)(=q. Since G is not 
2-connected, each block in M(G) has at most four inner paths. 
Suppose that there exists a block BE Y(G) such that BEO~. Then it follows from 
(E(G)I=n+S that p=q=l. Let X(G)={B,} and Y(G)=(B,}. If Bz contains a sub- 
graph homeomorphic to K4, then by Proposition 3.1, m(B,)> 18; hence m(G)> 19. In 
this case the length of the longest cycle in G is at least 21. It follows that 
II’(G)I=lI’(B,)I+IV(B,)I-133+21-1=23>22, 
a contradiction. Therefore B2 does not contain a subgraph homeomorphic to K,. By 
Lemma 5.1, there exists a plane graph B2 of B2 such that the longest cycle of B2 is the 
boundary of its exterior face. We denote the six faces of B2 by f2, f3, . . . , f, and let 
I,=lb(fi)l for i=2,3, . . . ,7, l1 = (B1 I. By Proposition 2.2, m(BJZ 15. If m(B,)b 16, 
then m(G)> 17 and the length of the longest cycle of G is at least 19. It follows from 
Lemmas 5.2 and 5.3 that 
>3++(4+5+6+7+8+19)=27.5; 
hence n = (E(G) I - 5 3 22.5 > 22, a contradiction. Therefore, m(B,) = 15. Thus m(G) = 16 
and the length of the longest cycle of G is at least 18. Consequently, n 2 3 + (4 + 5 + 6 + 
7+8+18)/2=22.Thusn=22.1nthiscase11=3, {12,13,14r15r16,17}={4,5,6,7,8,18}. 
We may assume that C is the boundary of the exterior face of Bz and the length of C is 
18. Clearly, exactly two vertices of B2 do not lie on C. Since B2 is a simple graph 
containing no 3-cycle and no subgraph homeomorphic to K,, the end vertices of each 
inner path of B, lie on C. It follows from m(B,)= 15 that the four inner paths denoted 
by PI, Pz, PJ, P4 of & are independent. For, otherwise, B, has at least one cycle 
containing three inner paths. Also, C is a cycle of & containing no inner paths; for 
each i = 1,2,3,4, B2 has exactly two cycles containing Pi but no other inner paths; for 
each pair i and j, if j, i, jc(1,2,3,4}, G has at least one cycle containing Pi, Pj but no 
other inner paths. Thus m(B2) > 16, a contradiction. Let Pi = (Ui, vi) for i = 1,2,3,4 and 
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the end vertices of these inner paths appear in the clockwise order vl,vz, v3, v4, 
u4,u3,u2,u1 on C (we allow that there are end vertices in common). Let Cz = 
Pi uC[ui, vi] (where C[ui, vl] is the (ul, v,)-path which follows the clockwise orienta- 
tion of C), 
C7=P2uCCuz,u*l, CF3=P3uCCu3,uJ, 
and the other cycles in i& are denoted by Cg, Cl,,, . . , , Ci6, respectively. Also let 
li=)V(Ci)I for i=2,3,..., 16. It is easily proved that 
6(1,+1,)+41,+3(14+I,+1,+1,)+ F Ii=12IE(Bz)j; 
hence i=9 
n=I,+~(/2+/3)+5/5+6(/4+/6+/,+I*)+~ f Ii -5. 
( > i=9 
Using Lemma 5.3, we have 
again a contradiction. Therefore, each block of G contains at most three inner paths. 
Suppose that G does not contain a subgraph homeomorphic to K4. Then there 
exists a plane graph G of G such that its longest cycle is the boundary of the 
exterior face of some block of G. In this case X(G)=X(G)=(Br,&,...,B,}, 
Y(G)={&+, &+2,..., B,}, where Bi is a plane graph of Bi for each i=p + 1, 
p+2,...,r. The set of faces Of Bi is denoted by F(Bi) for i=p+l,p+2,...,r=p+q. 
LetF(Y)=U~=P+1F(Bi)={fp+~,fp+2,...,fp+f},li=Ib(fi)lfori=P+1,P+2,...,P+t 
and li= I Al for i = 1,2, . . . , p. By Lemmas 5.2 and 5.3, we have 
IE(G)I= i Ii++ 
i=l 
>(3+4+.+.+(~+2))+&+3)+(p+4)+...+(p+t+l)) 
+3(m(G)+2). 
Using Euler’s formula, we have 
IE(G)I-IV(G)I+2=p+t-(q-1). 
Since IE(G)l-IV(G)l=5, t=q-p+6; hence 
P(G)l>~(pZ+5p)+b(p+q+10)(q-p+5)+&+2). 
Thus 
n=IE(G)I-5~$(p2+q2+5p+15q)+&i+8.5. (*I 
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Let (p, q, m) be an ordered triple of G with IX(G)1 =p, I Y(G)\ =q and m(G)=m. Then 
it follows from Lemmas 2.3-2.7 that 
(P,q,+T=((6,0,6), (4,1,7), (3,1,9), (2,1,12), (2,1,13), (2,2,8), (1,2, lo), 
(0,2,12), (0,2,13), (0,2,14), (0,3,9)>. 
For each ordered triple (p,q,m)~T-{(2,1,12)}, putting (p,q,m) in (*), we have 
n > 22, a contradiction. 
Putting p= 2, q = 1 and m= 12 in (*), we have n 222. Thus n= 22. In this case 
{ IV(B,)I, ) V(B,)I}= {3,4}, m(B,)= 10, I V(B,)I = 17 and B3~03. Let C be the longest 
cycle of B3. Then the length of C is 14. Since B3 is a simple block containing no k-cycle 
for k = 3,4 and no subgraph homeomorphic to Kq, all end vertices of inner paths of B3 
lie on C. It follows from Lemmas 2.6 and 2.7 that the three inner paths of B3 are 
independent with respect to C. Let Pi = (ai, Vi) (i = 1,2,3) denote the three inner paths 
of B3 (we allow that there are end vertices in common). The end vertices of these inner 
paths appear in the clockwise order v1,vz,v3,u3,u2,u1 on C. Let 
The other cycles in B3 are denoted by C9,C1,,,Cll and C12, respectively. Let 
ri=IV(Ci)l, i=3,4 ,..., 12. It is easily proved that 
4(1,+1,)+2(1,+1,+1,+Zs)+ f li=8lE(B3)1, 
i=9 
i.e., 
Using Lemma 5.3, we have 
again a contradiction. 
Therefore, G must contain a subgraph homeomorphic to Kq. There are two 
possible cases only. 
Case 1: G contains a 2-connected block having three inner paths. 
Clearly, there is exactly one block containing a subgraph homeomorphic to Kq. It 
follows from Lemmas 2.3, 2.6 and 2.7 and Proposition 3.1 that (p, q, m)=(2, 1, m) 
(ma 14) or (0,2, m) (ma 15). 
Case 1.1: (p, q, m)=(2,1, m), where ma 14. In this case G has exactly three blocks 
B1, B2 and B3 such that B1 and B2 are cycles and B3~03. If ma 15, then the length of 
the longest cycle in G is at least 17; hence ) V(B,)I > 17, {I V(B,)I, I V(B,)I} = {3,4}. It 
follows that B3 is a 5-UPC graph. This contradicts Theorem 2.10. Therefore, m= 14. 
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(a) 
Fig. 4. 
(b) 
In this case B3 contains exactly 12 cycles and there exists one cycle C in B3 such that 
there are two inner paths Pi and Pz which are skew. Let P3 =(u3, u3) be the other inner 
path of I&. Clearly, both u3 and u3 lie on C, for otherwise rn(B,)~ 13, a contradiction. 
If P3 skews to both PI and Pz, then m(B,)= 15, a contradiction. If P3 skews to one of 
PI and P2, say Pz, then PI and P3 must have the same end vertices (see Fig. 4(a)), for 
otherwise m(B,)> 13, a contradiction. Let C3 =P1 UP,. The other cycles in B3 are 
denoted by Cq, Cg, . . . , C14, respectively. Let Ii = 1 V(Ci)l for i = 3,4, . . . ,14. It is easily 
proved that 13+C,?z3 li=61E(B3)(; hence 
n=3+4+~/3+d ~ li -5~3+4+~+6(6+...+16)-5=~>22, 
( 1 i=4 
a contradiction. Therefore, P3 cannot skew to any inner path of PI and Pz (see 
Fig. 4(b)). Let Pi= (Ui, Vi) (i= 1,2,3). The end vertices of the three inner paths appear in 
the clockwise order u2,u1,u3,u3,u2,u1 on C (we allow that u1 =u3 or u2 =u3). Let 
(where C[u2, vi] is the opposite path of C[ul, ~~3). The other cycles in B3 are denoted 
by C7, Cs, . . . , Ci4, respectively. Let li= 1 V(C,)l for i=3,4, . . . ,14. It is easily proved 
that 4/3+2(/4+/5+ls)+xf27 Ii=81E(B3)1; hence 
n=3+4+~/3+6(/4+/5+/6)+~ E Ii -5 
( ) i=7 
23+4+$+$(6+7+8)+;(9+10+...+16)-5=22.25>22, 
again a contradiction. 
Case 1.2: (p, q,m)=(O, 2, m), where m> 15. In this case G has exactly two 2- 
connected blocks B1 and B2. We may assume that I V(B,)I <I V(B,)I. Then B1 ~0’ and 
B2e03. If ma 16, then the length of the longest cycle of G is at least 18. It follows that 
I V(B,)I = 5 and I V(B,)I = 18. It is easily seen that B1 contains exactly one k-cycle for 
each k = 3,4,5 and Bz is a 6-UPC graph. This contradicts Theorem 2.10. Therefore, 
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m = 15; hence B2 contains exactly 12 cycles. A discussion similar to that of case 1.1 
yields that na(3+4+5)/2+6/3+(7+8+ ... + 17)/6 - 5 = 25 > 22 if Bz is as Fig. 4(a), 
or n>(3+4+5)/2+6/2+(7+8+9)/4+(10+ ll+...+ 17)/S-5=23.5>22 if B2 is as 
Fig. 4(b), again a contradiction. 
Case 2: Each block of G contains at most two inner paths. It follows from 
Lemmas 2.3-2.5 that (p,q,m)~{(O, 2,13), (0,2,14), (1,2, ll), (3,1,10)}. 
Let B be a block of G having two inner paths. By Lemma 2.4, there exists a cycle 
C in B such that the two inner paths (denoted by Pi and P2) with respect to C are 
either skew or parallel. 
When P, and Pz are skew, the seven cycles in B are denoted by C1, Cz, . . . , CT, 
respectively. Let li = 1 V(Ci) 1 for i = 1,2, . . . ,7, then it is easily proved that 
i li=4lE(B)I, 
i=l 
When P1 and Pz are parallel, let PI = (q, ul), Pz = (uz, 02) and assume that these end 
vertices of PI and P2 appear in the clockwise order u1,u2,u2,v1 on C. Denote 
C1=P1uC[ul,ul] and Cz=P2uC[u2,u2]. The other cycles in B are denoted by 
CJ, Cq, C5 and Cg, respectively. Let li= I V(C,)l for i= 1,2, . . . ,6. Then it is easily 
proved that 
2(11+12)+/3+/4+15+/6=4lE(B)I, 
i.e., 
We now consider all cases of (p, q, m). 
If (p, q, m) =(O, 2,13), then there exist integers 1r, 12, 
>+(3+4)+$(5+...+15)-5=26>22, 
a contradiction. 
If (p, q, m)=(O, 2,14), then there exist integers 11, lz, 114 such that 
a contradiction. 
If (p, q, m) = (1,2,1 l), then there exist integers 11, 12, ...,lll such that 
n=1,+f(/2+/3+14)+$(/5+/6+...+111)-5 
>3++(4+5+6)+$(7+8+..*+13)-5=23>22, 
a contradiction. 
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If (p, q, m)=(3,1, lo), then there exist integers 1i, 12, .. . ,110 such that 
10 
n=Il+Zz+/s+$ C li -5>3+4+5+$(6+7+*..+12)-5=22.75>22, 
( ) i=4 
again a contradiction. 0 
Remark 5.4. Jiashu Sun has also proved Theorem 1.3. He and the present author 
have recently proved the following theorem: For each integer 17 <n < 35, f*(n)= 
n+ 1 +[(,/G-3)/2] if n=29 and f*(n)=n+[(,/&??-3)/2] otherwise. This 
result will be published (in Chinese) in J. Shanghai Teachers’ Univ. However, the proof 
of Theorem 1.3 in the present paper is shorter and more satisfactory. 
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